Certain noncatalytic exothermic chemical reactions of the type solid-solid characterized by high values of activation energy and heat of reaction represent an example of strongly nonlinear chemi cally reacting systems. In these systems different types of propagating waves can be observed such as constant pattern, planar pulsating, and rotating waves. Numerical simulations in two and three spatial dimensions predict, qualitatively, the same behavior as experimentally observed. For geome trically large systems multihead spinning or erratic waves occur, which bifurcate from a planar pulsating front. In nonadiabatic systems the spinning wave is more resistant to extinction than the one-dimensional planar pulsating front.
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concentration, kg m~3 heat capacity, Jkg-1 K_1 diameter, m activation energy, J mol-1 rate constant heat transfer coefficient, Jm "2s"' K universal gas constant, J mol"1 K-1 radius of sample, m radial coordinate, m reaction rate, mol m-3s-1 rate t time, s >C.)Rg T«?exp(E/Ä r* = Ek0 (-AH) There exists an important class of condensed phase reactions, characterized by large heat generation and large values of activation energy, that represents strongly nonlinear chemically reacting systems. The most important examples are: reduction of certain metallic oxides by powdered aluminum, reduction of boric oxide by magnesium to elemental boron, and synthesis of transition metal compounds such as car bides, borides and silicides [1] [2] [3] [4] . These reactions, when initiated locally by an external energy source, with short term service, may propagate throughout the sample at a certain rate and occur in a narrow zone which separates the fresh reactants from the reaction products. This type of process is termed selfpropagating high temperature synthesis (SHS). The advantage of this combustion technology is effective utilization of thermal energy released during the reac tion.
The linear stability analysis of propagating reaction fronts in condensed phases was based on the assump tion of an infinitesimal thin reaction front to predict the regions of spatial instabilities [5] [6] [7] [8] [9] [10] [11] . However, for finite values of activation energy, this assumption may 0932-0784 / 88 / 1100-1017 $ 01.30/0. -Please order a reprint rather than making your own copy. lead to deviations from the results obtained by numer ical solution of complete heat and mass balance equations*. So far little attention has been payed to predict the onset as well as full development of propa gating waves in two [13] and three spatial dimensions.
The objective of this work is to present 2D and 3D numerical results as well as experimental observations on wave propagation in condensed phase systems.
Model Formulation and Numerical Solution
The mathematical model of gasless combustion is based on the following physical assumptions:
1. A heterogeneous mixture of solid reactants behaves as an isotropic homogeneous system. 2. The reaction rate expression is taken as first-order with respect to the limiting reactant and has Arrhenius form of temperature dependence. 3. Heat conduction in the solid phase is described by Fourier's law. 4. All physical properties (density, heat capacity, effec tive thermal conductivity) are constant. 5. The reaction is not accompanied by melting effects. 6. Heat loss from the system is described by the New ton's law of cooling.
Heat and mass balance are described by the follow ing equations:
For the meaning of the symbols cf. the list at the end of the paper. The initial conditions are:
O^r^R .
The boundary conditions are: t > 0; z = 0, 0 0^^2 t t : T= 7] , z^oo, O^r^R , 0^</>^2n: T= T0, (4) * For the one-dimensional case see [12] . 0 < z < oo, 0 ^r^R , n:
T(t,z,r,</>)= T(t, z,r,</> + 2 it), 0 < z < oo, r = R, 0^</>^2n:
For the purpose of the numerical simulation it is more convenient to rewrite (1) to (4) The dimensionless temperature (0), conversion (rj\ activation energy (ß). heat of reaction (y), time (r), and space coordinates (it, c, < ?> ) are defined in the list of symbols.
Numerical solution of the governing equations (5) and (6) under the conditions (7) and (8) represents a difficult problem. The "boundary layers" on concen tration and temperature spatial profiles require a good resolution, otherwise artificial oscillations may occur in the numerical solution.
The integration in time is first order implicit with an automatic time step adjustment. The time step is ad justed automatically depending upon the rate of reac tion [14] , The space derivatives are approximated by centered finite differences on an adaptive moving mesh. The idea behind moving meshes is the enhance ment of the resolution by clustering a fixed number of points at the appropriate places, i.e., in regions of high gradients or large curvature [14, 15] .
The use of adaptive meshes makes the simulations in two and three spatial dimensions computationally efficient since the memory space as well as the number of operations required are much lower than for equi distant meshes with the same spatial resolution.
Numerical Observation
The asymptotic analysis of the exothermic reaction front propagation assumes that the reaction zone is infinitesimally thin. However, this assumption can lead to considerable deviations from the exact results. For instance, the value of the Hopf bifurcation point calculated analytically may differ from the exact value, determined by numerical simulation by as much as 20% [12] . A typical distribution of temperature, con version and reaction rate for a planar nonpulsating front is given in Figure 1 . In a pulsating regime the velocity of the propagating front and, therefore, tem perature and conversion oscillate with respect to time. Time-space concentration and temperature profiles in such a regime are shown in Figure 2 .
Two Dimensional Simulations
Depending on the governing parameters, the reac tion front can propagate either as a planar constant pattern profile or a planar pulsating wave [12] . The model equations (1-4) were solved numerically for parameter values that gave a planar pulsating solu tion.
Small sinusoidal as well as step perturbations in temperature and/or concentration were imposed in order to locate the nonplanar families of solution. It should be mentioned that the reaction front remained planar as long as no perturbation was imposed.
For better presentation we have plotted our results in the form of color patterns. Each time frame repre sents the cylindrical section of a hollow cylinder opened to form a two dimensional rectangular sheet. In Fig. 3 a planar pulsating temperature wave is shown. It can be seen clearly in the frames for z > 480 that a small perturbation in temperature introduced at t = 480, decays. However, a strong step perturbation in temperature when introduced during the heat-up period of the process results in breaking of symmetry. For these conditions and type of perturbation a nonplanar wave was generated as shown in Figure 4 . The highest reaction rate is at the inflection point on the axial concentration profile. Behind this inflection point the concentration of the fuel is higher, however the reaction rate is lower. As a result, islands of fuel remain in the completely reacted material (see frame 75). The complete conversion of the solid reactants within these islands is reached well behind the reac tion front (after burning phenomena). In the region of high reaction rate (white region in frame 70) the fuel is consumed and a cooling-down process occurs. Since there are large axial and angular temperature gra dients, the reaction is initiated where a relatively cool fuel with low degree of conversion is available. Here the reaction process is ignited and a new finger created. In Fig. 5 a rotating wave is displayed. An asymmet rical perturbation in concentration and temperature was imposed during the heating up period and a helical movement resulted. Here the hot spot (see the white region) follows on the cylindrical surface a screw-like path. We can notice the travelling wave along the interface (cf. the yellow region). The rotating wave shows, for nonadiabatic conditions, much higher resistance to extinction than the planar pulsat ing wave. For identical conditions as in Fig. 5 the pulsating front extinguishes [12] . Margolis et al. [16] indicated by using nonlinear stability analysis, that for a planar pulsating combustion front the propagation speed is lower than for a constant pattern profile re gime. However, the corrugation of the reaction front can overcome the slowing effects of pulsating combus tion if the space wave number is sufficiently large. This conclusion was verified by our numerical simulations. It was also found that for larger specimen diameter (v < 5 • 10 ~4) multihead rotating waves may be gener ated as predicted [7] , A two head rotating wave is shown in Figure 6 . This front was formed by imposing a similar asymmetric perturbation as for the previous case of a one-head rotating wave.
Three Dimensional Simulations
The propagation of the combustion front in cylin drical pellets formed from the solid reacting compo nents is, inherently, three dimensional. Equations (1-4) were solved in order to observe the three dimen sional features of condensed systems. The set of pa rameters used here was identical to the one used in 2 D simulations, however the results are presented in di mensional form. The diameter of the specimen was sufficiently large, so that a two head rotating wave was observed on the lateral surface similar to that shown in Figure 6 . The reaction was initiated by a short time high energy pulse (laser beam) imposed on a small area of the sample. The combustion front was formed and propagated toward unreacted material. Close to the specimen center only a slightly corrugated pulsat ing front was observed. A one head rotating wave appeared at certain radial positions (0.1 < £ < 0.3) (see Figure 7) . Two head rotating wave was observed close to the lateral surface of the cylindrical sample (0.8 < £ < 1.0) (see Figure 8 ). In the transition region between one-and two-head rotating waves the two hot spots move towards each other, collapse into one, and again reappear and move away from each other (see Figure 9 ). The phenomenon is periodically repeated.
Experimental Observations
Experiments were carried out to study the influence of compaction density, powder particle size, specimen dimensions and dilution on the combustion charac teristics of various systems. The experimental proce dure and the apparatus used is described elsewhere [17] . Several interesting nonlinear dynamic phenome na that compare well with numerical simulations were observed.
Planar Combustion Fronts
In many binary reacting systems such as molyb denum-silicon, titanium-aluminum, tantalum-boron and titanium-carbon a planar combustion front can be observed depending upon reaction conditions. In Fig. 10 a, the propagation of the reaction front for the molybdenum-silicon system is shown. It was found that the front remained stable, within the propagation limits, to variations in the specimen diameter, initial density and dilution. The axial velocity and the maxi mum combustion temperature were measured to be 0.004 m s"1 and 1850 K, respectively.
The planar characteristic of the front for the tan talum-boron systems is shown in Figure 10 b. The planar propagation in this system, in contrast to the previous one, was possible only for undiluted reaction mixtures. The reaction front velocity and the maxi mum combustion temperature were 0.0035 ms-1 and 2740 K, respectively.
The combustion processes in condensed phase sys tems due to their exothermicity, frequently cause very high temperatures in the reaction zone, which may lead to sintering and melting of the product. One obvious approach to reduce these high temperatures is to use inert diluents (e.g., final product). However, the process is quite sensitive to these additives and in many systems may change the combustion mode. It was observed that even for the molybdenumsilicon system, high degrees of dilution led to corruga tion of the reaction front, however, the average axial velocity remained constant. In other systems, strong oscillations as well as breaking of symmetry were ob served.
In Fig. 10 c, a planar pulsating behavior observed for the tantalum-boron system diluted with the final product is shown. These oscillations did not seem to have affected the final conversion as revealed by X-ray diffraction phase analysis and as predicted by numeri cal calculations [18] . Similar phenomena were also observed for diluted titanium-carbon and titaniumaluminum systems.
Nonplanar Combustion Fronts
Higher degree of dilution and larger specimen di ameter resulted in breaking of symmetry with the for mation of a corrugated front for the tantalum-boron system. In Fig. 10 d such a transition from a planar to a nonplanar combustion mode is shown. No rotating wave was observed for the values of parameters in vestigated. However, one-and multi-head rotating waves were observed in the titanium-aluminum intermetallic system. A two-head rotating wave is shown in the Fig. 10 e, which seems to be in very good agree ment with numerical predictions.
Conclusions
Solid-solid noncatalytic reactions featuring high values of both activation energy and heat of reaction, once initiated, can be self-sustaining depending on values of these parameters and operating conditions. Numerical simulations in two and three spatial di mensions reveal that different combustion modes might occur: planar constant pattern, pulsating and rotating front.
Two dimensional numerical calculations, based on a simple kinetic model, show that for non-adiabatic conditions, a rotating wave is more resistant to extiction than a planar pulsating wave. There seems to be a qualitative agreement with the experiments. How ever, to achieve a quantitative agreement, more pre cise kinetic expressions of solid-solid reactions that are accompanied by melting and other phase transfor mations as well as the temperature dependence of all physical parameters should be incorporated in the model equations. Three dimensional calculations, for cylindrical geometry, predict the simultaneous exis tence of corrugated as well as fully developed one-and two-head rotating waves depending on the radial co ordinate.
